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Abstract

In this paper, the finite-temperature Casimir force acting on a two-dimensional
Casimir piston due to an electromagnetic field is computed. It was found that
if mixed boundary conditions are assumed on the piston and its opposite wall,
then the Casimir force always tends to restore the piston toward the equilibrium
position, regardless of the boundary conditions assumed on the walls transverse
to the piston. In contrast, if pure boundary conditions are assumed on the piston
and the opposite wall, then the Casimir force always tends to pull the piston
toward the closer wall and away from the equilibrium position. The nature
of the force is not affected by temperature. However, in the high-temperature
regime, the magnitude of the Casimir force grows linearly with respect to
temperature. This shows that the Casimir effect has a classical limit as has
been observed in other literature.

PACS number: 11.10.Wx

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Since the work of Cavalcanti [1], the Casimir effect of the piston geometry (see figure 1)
has attracted considerable interest as it has been shown to be free of a divergence problem.
Some studies have been devoted to this subject [2-16]. It was found that for a massless
scalar field with periodic boundary conditions (b.c.), Dirichlet b.c. and Neumann b.c., and
for an electromagnetic field with perfect electric conductor (PEC) b.c. and perfect magnetic
conductor (PMC) b.c. in a d-dimensional space, the Casimir force acting on the piston always
tends to pull the piston to the closest wall. This might create an undesirable effect known
as stiction in the functionality of nano-devices. In [5], Barton showed that for a thin piston
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Region I Region II

Figure 1. The two-dimensional rectangular piston.

with weakly reflecting dielectrics, the Casimir force at small separations is attractive, but
turns to repulsive as the separation increases. Another scenario which leads to repulsive
Casimir force was considered in [9, 16], where a massless or massive scalar field is assumed
to satisfy Neumann b.c. on the piston and Dirichlet b.c. on all other walls. In this case, the
zero-temperature Casimir force was shown to be always repulsive. In [10], it was suggested
that a perfectly conducting piston inside a rectangular cavity with infinitely permeable walls
will lead to repulsive Casimir force.

In this paper, we consider the thermal correction to the repulsive Casimir force due to
an electromagnetic field with mixed boundary conditions (PEC b.c. on one wall and PMC
b.c. on the opposite wall) and determine whether temperature will change the nature of the
force. We only consider the case where the space dimension d = 2. This will simplify
the mathematical computation but it gives enough indications for the general case of higher
dimensions which will be considered in future. The two-dimensional rectangular Casimir
pistons for the electromagnetic field with purely PEC b.c. and purely PMC b.c. have been
studied. The Casimir effect due to an electromagnetic field with PMC b.c. coincides with the
Casimir effect due to a massless scalar field with Dirichlet b.c. whose zero-temperature limit
is studied in the pioneering work [1]. The Casimir effect due to an electromagnetic field with
PEC b.c. coincides with the Casimir effect due to a massless scalar field with Neumann b.c.
whose zero-temperature limit is considered in [8]. The finite-temperature Casimir effect was
recently considered in [15]. It was found that for pure boundary conditions, the Casimir force
is always attractive at any temperature. Therefore, it will be interesting to see whether the
thermal correction affects the repulsive nature of the Casimir force due to the electromagnetic
field with mixed b.c. This is the issue addressed in this paper. We consider a more general case
of mixed b.c., where each pair of parallel plates can either assume pure boundary conditions
(both PEC b.c. or both PMC b.c.) or mixed boundary conditions.

In this paper, we work in the units where 7 (reduced Planck constant), ¢ (speed of light)
and kp (Boltzmann constant) are equal to unity.

2. Casimir energy for an electromagnetic field with mixed boundary conditions inside a
rectangular cavity

Recall that the finite-temperature Casimir energy is defined as the sum of the zero-temperature
Casimir energy and the temperature correction, i.e.,

ECas = Egas + AECas — % Z oy + T Z lOg (1 _ e_w?k)’
w70 w0
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where wy, runs through all zero point energies. The sum corresponding to the temperature
correction A Ec,s is a convergent sum. However, the zero-temperature contribution Egas is
divergent. There are different ways to regularize this sum. In the zeta regularization scheme
[17-20], we define the zeta function

o(s) =Y o
wp#0

and analytically continue it to a neighborhood of s = —1/2. If {y(s) is regular at s = —1/2,
the zeta-regularized zero-temperature Casimir energy is then defined as

0,zetareg __ | 1
ECas - §§O(_§)-
Correspondingly, the finite-temperature Casimir energy can be computed by using the zeta
function

() =Y Y (op+@rIT)) "
k0 I=—00

It can be shown that (see [21-24]) if ¢(s) has an analytic continuation to a neighborhood of
s = 0 with ¢(0) = 0, then

, 1 1 _on
¢(0) = —?Co <—§> -2 Z log(1—e 7).

wk;éO
Consequently, the zeta-regularized finite-temperature Casimir energy is equal to

reg T ’
ECas = _Eé— (0).

A disadvantage of applying the zeta regularization scheme is that all the divergence terms in
the Casimir energy have been renormalized to zero. However, it can be shown as in [15] that
in the piston scenario, the divergence terms of the Casimir force acting on the piston due to
region I and region II always cancel without renormalization due to the fact that the divergence
terms of the Casimir energies are linear in L.

For an electromagnetic field inside a d-dimensional space €2, the field strength is
represented by a totally anti-symmetric rank-two tensor §*”, u,v = 0, 1, ..., d, satisfying
the equations

BFU =0, 8,5 =), ()

where §"""“d*‘ = ghi-ta1v2% s the dual tensor of F*, and jV is the current. In the
vacuum state j¥ = 0. There are two ideal boundary conditions that are of particular interest,
i.e., the PEC b.c. characterized by n M@’“""”dﬂm = 0 and the PMC b.c. characterized by
n, §*'l3q = 0. Introducing the potentials A* so that

FH = gAY — 9V A*, 8% = 9y, 3= —9;, 1<i<d,
and working in the radiation gauge
A’ =0, »A =0,

equation (1) is equivalent to
d
AAT =0, A:=ag—Za?,
j=1

when j#* = 0. When the space Q2 is a rectangular cavity Q = [0, L] x - - - x [0, Ly], the PEC
b.c.on awall x; = 0 or x; = L; is equivalent to

ap_Av - avA/L|x,-:0 or x;=L; — 0
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forall u #v € {0, 1, ..., d}\{i}; whereas the PMC b.c. is equivalent to
8iA;1. - 8;LAi|x,:() or x;)=L; = 0

forall u € {0, 1, ..., d}\{i}. Restricted to the case d = 2, we consider the following different
combinations of boundary conditions:

Case 1. Mixed boundary conditions (i.e., one wall PEC b.c. and one wall PMC b.c.) on both
x1 and x, directions.

Case II. Mixed boundary conditions on one direction, say x;, and purely PEC b.c. in the other
direction.

Case I11. Mixed boundary conditions on one direction, say x|, and purely PMC b.c. in the
other direction.

Now we derive the finite-temperature Casimir energy of the electromagnetic field for each
of the above boundary conditions:

Case I. In this case, we are looking for solutions of A (xy, x5, 1) and A,(xy, x,, ) satisfying

(97— 97 —92)A; =0, i=1,2, 3y, A +0,,A7 =0, 2)
and the boundary conditions
8tAl |x1:L1,x2:O = 07 8fA2|x1:0,xz=Lz = 0’ (8x1A2 - ax2A1)|x1:L1,xz:L2 =0.

It is easy to verify that a basis of solutions is given by

_ L, —wgt N
- e , ki, kp e N=NU {0},
As(xy, X2, 1) e 0

ﬂ(k1+%))C| . ﬂ(kg'f‘%)xz
<A1(x1,x2, f)) @1 COS ——=— SIn
7 (ki+3)x 7 (ka+3)x
I COS I

oy Sin
subjected to the condition

oy (kl + %) + o) (k2 + %)
L, L,

1\ 2 1\ 2
k1+§ k2+§
W =T + .
Ly L,

The corresponding zeta function is
¢(s) i 4 ! ! 2T V4 o1 2T
§) = S ST - S, T
4 17\ oy e, 2L L

1 1 1 1
—Zs3 sy —, — 2T |+ Z5|s; —, —, 2T ) ¢,
Ll 2L2 Ll LZ

=0.

Here

where Z, (s; cy, ..., cy) is the homogeneous Epstein zeta function defined by
Zu(sicr e =y | DIk P |, 3)
keZ’ \Jj=1

andZ" = 7" \ {0}. Since Z,,(0; cy, ..., c,) = —1, we find that the regularized Casimir energy
for the electromagnetic field with mixed boundary conditions in both x; and x, directions of

4
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a rectangular cavity is given by

T 1 1
Ireg
Li,L)=——1Z5(0; — ,2T 0; — , 2T
Eco (b1 L) = 8{ 3( 2L, 2L2 ) ( 2L, )

, 1 1 , 1 1

—7Z510; — 2T )+ 25|10, —, —,2T ) ¢. €]
L 2 2 Ll LZ

Explicit formulae for Z; (0; ¢y, ..., ¢,) are given in the appendix.

Case II. in this case, we are looking for solutions of A (xy, x3, t) and A,(xy, X7, t) satisfying
(2) and the boundary conditions

atA]|x|:L|,x2:O,x2=L2 =07 afA2|x|:0:07 (3X1A2_ax2A])‘x]=Ll =0
A basis of solutions is given by

2 —wgl N
Ax(x1, X2, 1) 7 (kity) 6 °c o ki.ky € N,

ﬂkzxz

a(k+)x . ok
<A1(x1,x2,t)>= alcos%sm%

oy Sin

2
ky+ 3 ka\?
=17 — ] +| =,
L, L,
subjected to the condition
oy (kl + %) + Ol2k2

L, L,
The corresponding regularized Casimir energy is

EN™(Ly, Ly) = Tz/o ! 12T 7z (o L. L oor
Cas 1, L2) = 3 3 2L1 3 7L1’L27

1 1
+Z10;, —,2T )| = Z,(0; —,2T ) ;. 5
2( 2L, ) 2( L >} ©)

Case I1I. in this case, we are looking for solutions of A;(xy, x;, t) and A, (xy, x3, t) satisfying
(2) and the boundary conditions

3 Aily =z, =0, 3 Azly 0,120,521, = 0, (85, A2 — 8, A1), =0.

1=L1,%=0,x0=L,

COS —=—=

=0.

A basis of solutions is given by

(kl 7 ﬂkzxz
Ar(xy, xa,t o1 COS cos T2 B -
<1(1 21) = Lo ) gmowl kieN, k eN,

AZ(-xlv X2, [) M wkoxy
L,

o sin sin 2% i

2
ky+ 1 k2 \*
o =T — +(—),
L, L,
subjected to the condition

_O(] (k1 + %) + Olzkz
Ly Ly

=0.
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The corresponding regularized Casimir energy is

T 1 1 1 1
III reg /
Li,Ly)=——=1Z5{0; — ,2T 0; — ,2T
Few "(h1, L2) = 8 { ( 2Ly ) < L' L, )

1 1
—Z5(0; —,2T | +Z5( 0; —, 2T ) ;. 6
2( 2L, > 2( L )} ©

Note that there is a slight difference between the set of eigenmodes in the
case III. In the case II, we allow k, = 0 which corresponds to solutions

Ar(xy, x2, 1) 0 . ) Tr(k1+%)
= 5 )X € ©k 3 k (S N, wy = ————,
(Az(xl,xz,t) o sin”(klzlé) ! 1 k .

However, in the case III, k, = 0 implies that «; = 0 and A; = A, = 0. Therefore there is no
eigenmode with k; = 0.

3. Casimir force acting on the piston for an electromagnetic field with mixed boundary
conditions

In this section, we consider the Casimir force acting on a two-dimensional rectangular piston
due to an electromagnetic field with mixed boundary conditions. The boundary conditions on
the walls of region I are the cases I, I, III as considered in the previous section. In region II,
we assume that the boundary condition on the wall x; = L; is the same as on the wall x; = 0.
We have the following cases.

3.1. Case MBC-A

We assume mixed boundary conditions on both directions. In this case, we find that the total
regularized Casimir energy of the piston system is

Eca®(@; Ly, Ly) = Ega, Lo) + Egt (Ly — a, Lo).
Applying the Chowla—Selberg formula (A.2) to (4), we find that

B 1) - T LiLy, 32L 1 Lily, (3 1
Eca (L1, Lo 8 | 2z *\2 """ 21 ) " anrT *\2> "% 21

(- 1)1 ko + 1)
+4ZZ Z exp | —2mk,L; 7 +(2IT)?

k=1 k=0 I=—00 2

Therefore, in the limit L; — 00, the Casimir force acting on the piston is given by
ALi=c0, . . )
Fop'™%(a; Ly) = lim F§(a; Ly, Ly)
Li—o00

9
=— lim —Eéfg( Ly, L))

Ly—00

o oo (k %) +Q2IT)?
:nTZ Z . (N

2
ho=0l=—00 oy <2na (" 1) +(21T)2>
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Note that this is a positive decreasing function in a. Consequently, when L, is finite, the
Casimir force acting on the piston,

Fé(a: Ly, Ly) = Fo '™ (a: Ly) — Fe ™ (Ly — a; L),

is positive if a < L; — a, and is negative if a > L| — a. In other words, at any temperature,
the Casimir force always tends to restore the piston to the equilibrium position x; = L;/2,
which is the middle of the cavity.

The infinite summation in expression (7) for the Casimir force converges very fast if
a > L. It shows that in the limit L; — oo, the magnitude of the Casimir force decays
exponentially when the plate separation a is large. In the most practical situation, we are
interested in the opposite case where a < L,. In this latter case, the Chowla—Selberg formula
(A.2) gives

. 3cr(3) L L (—Dk 7Ly —
Few' @i Ly = =5 a32_3zjr 2 YRt 2a32 >, 2. bk
(ks,0)eZ? (k2Lol? +[57]7)" k=0 4, pyez?
1\’ 27 (ki + 1) 1T
ki+=) Ko| ———22 oL+ | —1| |. 8
><<1 2) 0 P [koLs] |:2T] (8)

This shows that at any temperature, when the plate separation a is small, the leading behavior
of the Casimir force is given by

3¢k (3) Lo
R2r a®
It implies that when a — 07, the magnitude of the Casimir force approaches co and behaves
as 1/a®. From this we can conclude that at any temperature, the Casimir force acting on the
piston, considered as a function of a € (0, L;), decreases from oo to 0 when a € (0, L;/2)
and increases from 0 to co when a € (L;/2, Ly).
Formula (7) can also be used to study the high-temperature behavior of the Casimir force.
It shows that in the high-temperature regime, the leading behavior of the Casimir force is

F&P=%(a; Ly) ~ +0(a).

o0

T k2+ L
FA (a: Ly, L) ~ 22 2
Cas(@; Ly, Ly) L, l;) exp (227—2“(k2 + %)) +1

which is linear in 7. The remaining terms decay exponentially as T — oo. If we restore
the units 7, ¢ and kg to the expression for Casimir force, we find that a term with TJ will be
accompanied by 7/~!. Therefore, (9) shows that the Casimir force acting on the piston has a
classical ( — 0) limit, as has also been observed in other works on the Casimir effect (see,
e.g., [25-28]). The right-hand side of (9) is called the classical term of the Casimir force.

In the low-temperature (T < 1) regime, the Casimir force is dominated by the zero-
temperature Casimir force, with the correction term being the temperature correction:

FA.(a; Ly, Ly) = F&I=%a; Ly, Ly) + Ar R (a; Ly, Ly).

—(a<~— Li—a), ©)]

Applying the Chowla—Selberg formula (A.1), we have
L —Dk L 3 1 3 1
e X = (2 (5o gp) -2 (3 a7
(k3. 0)eZ? (UQLZ] + [ﬁ] )2

3B T smkats (7 (k+3)l
_6471L§_L_ZZ S\ )

2 =0 I=1
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With this, we can read from the formula (8) that the zero-temperature Casimir force is given
by

T= 3¢r(3) Ly 35r(3) 7TL2
—0kp=1

2rky (ki +3) L
XKO(M>—((I(_)L]—Q),

a

and the thermal correction is

1 0
ATFCdb(a L Z Z <]T (I{Lzz;zw) " T[al;2 Z Z Z

=0 I=1 k1=0 ky=—00 I=1

2 27 (ky + 1 2
><(—1)k2<k1+%> Ko @ [kyL,]? + |:21T] —(a< L —a).

Note that if L; — oo, the thermal correction to the Casimir force decays to zero exponentially
fast when T — 0.

In the limit L, L, — oo, the geometric configuration becomes that of a pair of infinite
parallel plates separated by a distance a. In this case, since

L, Z (—Dk L2T3 x T
— 25 = (r(3) +

2 2\3 2 48 L,
32w (ks,0)eZ? ([k2Lo1? + [2T] )? 8

— 2772 Z Z &zmmnkﬂﬂ)

k=1 I=1

equation (8) then implies that in the infinite parallel plates limit, the Casimir force acting on a
wall is given by

3 (3) T3 wl (ki + %
Folllay =1L { SR Soir()+ 32:2:<k1+ )K()(%)} (10)

=0 /=1

This shows that for infinite parallel plates, the zero-temperature Casimir force is
FAIT=0( 3¢r(3)
Feas 32mad

The temperature correction is of order 72 as T — 0*. The remaining terms decay to zero
exponentially fast when 7 — 0*. In the-high temperature regime,

L.

o olNe o]

2
Fal@) = {LT Ty 1)k'—K1(47rlk1Ta)

48a?
k=1 i=1

o0 o0
—87T? Y Y (~DMPKo@nlkTa) .

k=1 I=1
This shows that the classical limit of the Casimir force acting on a pair of infinite parallel
plates with mixed boundary conditions is

assics L
ng\l,cldmml(a) _ 48a22 T
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3.2. Case MBC-B

We assume mixed boundary conditions in the x; direction and purely PEC b.c. in the x,
direction. Using the same method as the previous section, we find that the Casimir force
acting on the piston is given by

FE (a5 Ly, Ly) = F&l' ™ (a; Ly) — F&U (L) — a; L),
where
(—2) + (2IT)?
TR L

(k2. 1)ENXZ\(0} €XP <2na (%) + (21T)2) +1

Y

As in the previous case, this shows that at any temperature, the Casimir force tends to pull the
piston to the equilibrium position x; = L;/2. Moreover, it shows that in the high-temperature
limit, the leading term of the Casimir force is given by the classical term

T k
Fe @ Ly~ — 2 — (@ L —a). (12)

An alternative expression for Fgaf 1=%(a; L) that can be used to study the small a and
low T behavior of the Casimir force is

- 36r3) Ly w ¢r(3) 7TT2 kz kol
Fol=%(a; Ly) = =+ - - - — rr
Cas (@ L) 327 a®  96a> 167wL3 2:1 121: L, T

IR
[kaLr]? + |:2T]

7TL2 ad 1 2 27‘[(k1+ )
LSy (mz) o [

k=0 1, ¢)e7?

+3)
2a2 Z ]'[(kl+ ) : (13)
= G

It shows that when the plate separation a is small, the leading term of the Casimir force is

given by

3G L 7w
327 a3 964

Note that the first term behaves as 1/a® when a — 0*. On the other hand, (13) gives the

zero-temperature Casimir force as

3rB) Ly & tr(3) JTLz

BTO

Ly, Ly = =2 - ki +

Feaw il b)) = =5 Y 56 " lon12 T @ 2%/{21(' )
2

F8 (a; Ly, Ly) ~ +0(d").

« Ko (27‘[(](1 + )ksz

a

)—(a<—>L1—a). (14)

The thermal correction goes to zero exponentially fast when 7 — 0.

In the parallel plate limit, it can be checked that one would obtain the same result as (10).
This should be expected since in the limit L, — oo, the boundary conditions assumed on the
x, direction become immaterial.



J. Phys. A: Math. Theor. 42 (2009) 105403 L P Teo

3.3. Case MBC-C

We assume mixed boundary conditions in the x; direction and purely PMC b.c. in the x,
direction. This case is very similar to the MBC-B case. We find that the Casimir force acting
on the piston is given by

F& (@ Ly, Ly) = FGE=(a; Ly) — FGE=(L) — a; L),
where

()" + @y

F&E=*(a; L2)_nTZ Z

(15)
ky=11=—00 exp <27Ta (1%)2 + (21T)2> +1

The difference between this term and the corresponding term in the case of MBC-B lies in
the summation over k,, where now k; starts from 1 instead of 0. As in the previous case,
equation (15) shows that at any temperature, the Casimir force tends to pull the piston to the
equilibrium position x; = L;/2. Moreover, it shows that in the high-temperature limit, the
leading term of the Casimir force is given by the classical term

nT kz
F, L, L ———F—— —(a< L;—a).
Gas(@s L, La) ~ szzlexp )+ 1 (@< Li—a)

One can note that this classical term is the same as in the case of MBC-B given by (12). In
other words, the difference between the Casimir forces for the cases MBC-B and MBC-C is
insignificant at high temperature.

An alternative expression for FCC,;SL 1=
low T behavior of the Casimir force is

_ 33 L, 7w (B3 T A~k (Thal
FC,L[ o0 ;L — = - P — K —_—
@)= 5 T Gea 16712 Ly ZZ :

(a; L,) that can be used to study the small a and

L 27 (ky + 3 177
zagzz Z ( )K() w [k2L2]2+|:ﬁi|

k=0 1, p)eZ?
BER-SNCES) "
Py TN
2a? =0 exp (JT(/;;'E)) 1
When the plate separation a is small, the leading terms of the Casimir force are given by
3¢r(3) Ly 7 0
FS, (a; Ly, Ly) ~ — +0(d"),
Gl L L) ™ =5 7S T Gz T O

with leading order 1/a® when a — 0*. On the other hand, the zero-temperature Casimir force
is

3¢r(3) Ly b4 ¢r(3) 7TL2

CTO

Li. Ly = 22 _ ki +
Foo @ L L) = =5 =75 ~ 562 67l = a3 ZOkZI o

« Ko (27‘[ (kl + )k2L2
a

) —(a<~— Li—a), (17)

which only differs with the MBC-B case by the sign of the term 7/(96a?). The thermal
correction also goes to zero exponentially fast when 7 — 0*.

10
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We would like to remark that the regularized Casimir energy and Casimir force acting
on the piston in this case are the same as the corresponding quantities for the massless
scalar field which assume Neumann boundary condition on the piston and Dirichlet boundary
conditions on the other walls. In fact, the zero-temperature Casimir force (17) agrees with the
corresponding result in [9].

3.4. Case MBC-D

We assume PEC b.c. in the x; direction and mixed boundary conditions in the x; direction. In
this case
D ,reg II ,reg II,reg
Ecy“(a; Ly, Ly) = Ec) (L2, a) + Eq) (Lo, Ly — a).
Similar computations give
FD-Li= FD-L
Fou(a; L, Ly) = Ferr'=(a; Ly) — Fow = (L1 — a; L),

where

k‘>+ 21T2
() + @) a8)

Ry = AT Y Y
k=01=—00 exp <27[a (l%) +(21T)2> _

Contrary to the previous cases, now we find that the Casimir force acting on the piston always
tends to pull the piston toward the closer wall, and away from the equilibrium position.
Equation (18) also shows that in the high-temperature regime, the Casimir force is dominated
by the classical term, i.e.

D aT ad k2+%
Fey(a; Ly, La) ~ I 2ra(r ) —(a< Li—a),
2 o exp (=) — 1

as T — oo. The remaining terms decay exponentially.
An alternative expression for the Casimir force is given by

Fas(a;Ll,L2)=—8n23é-R(3)+ é-R() ZZ 2 <7T(2 2) >+ﬂ— 2

6471L% L P L,T 2a3

i 2k 1\’
x> Y (—DRkK, id 1\/(k2L2)2+(2T> —(a< L, —a).

k=1 (k,,1)eZ?
19)
This shows that when the plate separation is small, the leading term of the Casimir force is

L
FD (a; Ly, Ly) ~ —ﬁg@) +0(a),

which is of order 1/a>. Equation (19) also shows that in the low-temperature limit, the Casimir
force is dominated by the zero—temperature Casimir force given by

3¢r(3)
64 L%

87
> - 2mkiko L
Z Z —1DRK2K, (M) — (@ L —a).
a

The thermal correction terms tend to zero exponentially fast when 7 — 0*.

(l:)agT %a; Ly, Ly) = —

ER( )+
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In the infinite parallel plate limit, we find that

FDI ¢r(3) T3 T e — nlkl
Fey (@) = : 87‘[(1 é-R 3+ _3 kZ Z ’ (20)
=1 =
which gives the zero-temperature Casimir force as

F2 () = _GrRGB)L
Feas 8ma?

3

agreeing with well-known results (see, e.g., [29]). An alternative expression for (20) is given
by

2 00 00
Folla) = { i Z Z ~Ki(rikiTa) - 8 T> Z leK0(4nlk1 Ta)}

k=1 =1 k=1 I=1

which shows that the classical limit of the Casimir force is given by

- L
F&y,classwal (a) = — 24a22 T

3.5. Case MBC-E

We assume PMC b.c. on the x; direction and mixed boundary conditions on the x, direction.
In this case, although the regularized Casimir energy is different from the regularized Casimir
energy for the case MBC-D, one can verify that their difference is a term independent of L.
Consequently, the Casimir force acting on the piston for the case MBC-E is identical to that
for the case MBC-D.

We do not discuss the cases where the electromagnetic field assumes purely PEC b.c. on
both directions or assumes purely PMC b.c. on both directions. This has been considered in
[15]. Another case we do not consider here is the case where the field assumes purely PEC b.c.
on one direction and purely PMC b.c. on the other direction. The result is not much different
from the cases of purely PEC b.c. or purely PMC b.c. on all directions.

4. Discussion and conclusion

We have computed the exact formulae for the finite-temperature Casimir force acting on a two-
dimensional rectangular piston due to an electromagnetic field with different combinations of
boundary conditions. From the results, we can conclude that if mixed boundary conditions
are assumed on the piston and its opposite wall, then the Casimir force always tends to move
the piston to the equilibrium position, regardless of the boundary conditions assumed on the
perpendicular walls. In contrast, if purely PMC b.c. or purely PEC b.c. is assumed on the
piston and its opposite wall, then the Casimir force always tends to move the piston toward
the closer wall, again regardless of the boundary conditions assumed on the perpendicular
walls. This nature of the force is not affected by the change of temperature. However, as in the
case of pure boundary conditions discussed in [15], the magnitude of the Casimir force grows
linearly with temperature when the temperature is high enough. This implies that although
the Casimir force is a quantum effect, it has a classical limit, as has been observed in [25-28].

Comparing the magnitude of the Casimir force for various boundary conditions, we note
that in the case of an open piston (L; — 00), the magnitude of the Casimir force always
decreases as the plate separation a increases. Moreover, we see that when the plate separation

12
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Figure 2. The absolute values of the Casimir forces for various boundary conditions when
Ly — oo and Ly = 0.2 m. Here the unit of a is m, the unit of force is ic x N. The graphs
correspond to 7 = 0 K, 1 K and 7' = 300 K, respectively.

a is small, the leading term of the Casimir force for the cases MBC-A, MBC-B and MBC-C
which all assume mixed boundary conditions in the x; direction are the same is equal to
3¢x(3) Lo
R2r a’’
For the cases MBC-D or MBC-E which assume pure boundary conditions in the x; direction,
the leading term is
&) Ly
8t a3’

2

(22)

Its magnitude is 4/3 times larger than the case of mixed boundary conditions in the x;
direction. Equations (21) and (22) are also the corresponding zero-temperature Casimir force
in the infinite parallel plate limit. On the other hand, we also note that the classical limit of the
Casimir force for the MBC-B and MBC-C cases is the same. For all the boundary conditions
considered, the magnitude of the classical limit always decreases as the piston moves toward
the equilibrium position. In the infinite parallel plate limit, the magnitude of the classical term
for plates with mixed boundary conditions is half that for plates with pure boundary conditions.
The comparisons of the Casimir forces with different boundary conditions and at different
temperatures are depicted in figures 2 and 3, respectively. Here we would like to remark that
by restoring the units 7, kg and ¢, we have to replace T in the expressions for Casimir force
with k3T /(hic). Therefore, for physical T = 1 K we need to substitute T = 436.7 m~! which
is actually large if compared to a in the range 0.01 m ~ 0.2 m which is equivalent to a~! in
the range S m~! ~ 100 m~'. This explains the big difference between the zero-temperature
Casimir force and the Casimir force at 7 = 1 K observed in figure 3 when a is in the range
0.01 m ~ 0.2 m. In fact, if we plot the Casimir force for a in the range < 0.1 mm, we would
not observe significant difference between the Casimir forceat 7 = 0K and 7 = 1 K.

This work can be generalized to higher dimensions, where the formulae are expected
to be more complicated. Moreover, there will be more different combinations of boundary
conditions. We leave this discussions to the future. Another interesting subject to explore is
to consider a ‘continuous’ change of boundary conditions from PEC b.c. to PMC b.c. on the
piston but fixing the boundary condition on the opposite wall, and to investigate the gradual
change of the nature of the Casimir force on the piston. This may give us some insights into
the mechanism of the change of the nature of the Casimir force.

Finally, we would like to remark that although the piston scenario has the advantage of
providing a formalism to obtain a Casimir force that is free of a divergence problem, it has its

13
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MBC - A 10" MBC‘_B

10 : : ---T-0K
---T-0K --T=1K
--T=1K

T = 300K
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» MBC - C . MBC - D
10 : : : -10 : : :
---T=0K

0 0.05 0.1 0.15 0.2 ] 0.05 0.1 0.15 0.2

Figure 3. The comparisons of the Casimir forces at different temperatures when L; — oo and
L, = 0.2 m. Here the unit of a is m, the unit of force is ic x N.

own limitations. At the moment, this formalism cannot be used to obtain the Casimir force
acting on the rectangular walls without substantial modification, otherwise it will lead to a
thermodynamically inconsistent Casimir effect. Some recent endeavors to solve the problem
of obtaining physically consistent Casimir force acting on the walls of a rectangular cavity
can be found in [30, 31]. In particular, Geyer et al [30] have proposed a formalism that can
give a thermodynamically consistent Casimir energy in an ideal rectangular metallic box.
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Appendix. The Chowla—Selberg formula for the Epstein zeta function and its derivative
at zero

Here we gather some formulae we need for the Epstein zeta function (3) and its derivative at
zero. The Chowla—Selberg formula [18-20, 32—-37] says that
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( ) ( ) T /I (S——z) m
Z S;Cly ..., C ——ZmS;Cl,...,Cm +—Zn,m<s——;cm+1,...,c,,>
n n [l |j lcj]l (S) 2

25—m
N 1 27 ZT: [%]2 '
O > icmalesk;?

keZ\’"XZ/"'\’”

m 2 n
x Ky m | 27 Z |:]ij| Z [eik;i? ] | . (A.1)
J

c;
j=1 J =m+l

where K, (z) is the modified Bessel function. By taking derivative with respect to s and setting
s = 0, we find that

o _ 0 77T (5) no 1 !
Zn(O,Cl,...,Cn)—Zm(O,Cl,...,Cm)‘Fn—anm P R
[szlcj] 2 Cm+1 Cp

2 Z?:l [%]2
[TT7= ¢/] Y ik

—m
4

+

kef’”xﬁ’\’”

m 2 n
x Ky |27 Z[lz—’} > ek ] |- (A2)
J

j=1 j=m+l
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